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dgy~¢N~®nbef"n~Ig²~nybOnybdyffgx~¢^d~®­QI`nqw~¢}~®n?g¸G²	f7IOffIgyf`ni¬|f √
2
z`unbf7~`nyfIy|
[1.414, 1.415]
dX¢^Q?}nff	nbd©nVnybfenybfIe¬©ny~^||u"{^fInyfZgxd|®nV~g~dgy~wf{°Gnybfi"{}ewnyfZ
~}nf©|K¶=½¾°±{}ye¬|6²8(u}¸ # -

MAO ^zGf¡wf­dfI}g8°±{^||{©²~d¢ 
9Ã!:  ±¦ Ç<;>=@?  ¦ Ã §A¨ "CB    # -LMAO
x = [x, x] D &(#8) x  x ∈ 4 D 18)K1LL=	C"O  [% 6WJL
{r ∈ U | x ≤ r ≤ x} 
è$è ßj kllm
   "	LMAL[
abf	gxfn<{^°w~}nf©|g4²~®nbzG{^ddg<~4X¸©wfd{nyfZ¡z`u  U ¸(~g<dyny~||ui{}ffIlz`u¡gxfn$~d|Qgx~{^4¶.8ynyfIgy~{wwQn{°
n
~}nf©|g
b = x1 × · · · × xn
~gI||fZ WJ	?Y ¶a$²	{¬zG{Z´wfZg
b1
Q
b2^yf#g~w~gØ{^~}n~°
b1 ∩ b2 = ∅
¶
½¾}nyfIy|`^y~nybdeXfny~g${(v~wfIg$qgxfn{°d{^GfIny{^?g6nybdn=||{(² {^fny{l{^ewnf	~`nyfIy|}fIgy|ngI¶
2 bfIf^fIi^{^GfIny~{^{^fI^|g~ggyGfI~®­dfZ6¸nbf7"{}yfIgyG{^dw~¢{^Gf?©n~{}{^nbf~i~`nyf©^|g
~gf"´wfZ"wnfI6¶ F<f"n
a
Q
b
zGfNn²	{~}nf©|gI¸^d |fn
♦
wf{^nyfZg{^f{°nbfN°±{}~nybef"n~
{}Gfny{}g {+,−, ∗, /} ¶abf#{}Gf?©n~{} a♦b ~gwf­dfIzvu
a♦b = {a♦b | a ∈ a ∧ b ∈ b},
²~®nb
a/b
ddwf"­ddfI¬~°< ∈ b ¶=abd~g	wf­d~ny~{^³fIdgxdyfIgVnybdnnybfqyfIgy|ny~¢~}nf©| a♦b "{^µn?~dg8^||+G{}ggy~z|fq{^n"{}efIg°±{^ed|uv~¢
♦
²~®nb{^GfI^dgV°±{^e
a
^d
b
¸vzn8nbf#wf"­Q~®n~{^
w{wfIgV{n8gyb{(² b{©² n{7{^ewnf~nI¶abdffIgy|ny~¢~`nyf©^|d~gfI}gx~|u{^zwn?~fIdgy~d¢¡nybfizG{}dg
{^°$nybf¡~`^{}|^fZN~}nf©|4}ggyb{©²~ /   0¶
a ⊕ b = [a + b, a + b]
a 	 b =
[
a − b, a − b
]
a ⊗ b =
[
min(ab, ab, ab, ab),max(ab, ab, ab, ab)
] /   0
a  b = a ∗
[
1/b, 1/b
]
2fdgyfI»nybdf{^Gf?©n{^?g {⊕,	,⊗,} bfIyf}¸+n{fIebd^gy~fnybdf¬w~DSGffQ"fzGf"n²	ffI #$LMO	 K
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"N%	  ¸$zwn¡°ê{^eCbffX{^»nybf¬|}gygy~I|{^n©n~{} {+,−, ∗, /} ²~||zGfdgyfI6¶
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O x [ ) 8)K S ⊆ x 
 # -LMA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 %	 {°
f : U n → U ~g»e¬d~d¢ f :   U n →   U gydb nybdnX°±{^^||
x1, . . . ,xn ∈
  U : x1 ∈ x1, . . . , xn ∈ xn ⇒ f(x1, . . . , xn) ∈ f(x1, . . . ,xn)
¶ CP ~}nyfIy|
{}Gfny~{^

~g||fI»nbf VN[ CO(#$LMO1JY L %	 {° CP yfZ|{^GfIny~{^
♦
~®°°ê{}^||
x1, . . . ,xn ∈
  U : (x1, . . . ,xn) = ({♦(x1, . . . , xn) | x1 ∈ x1, . . . , xn ∈ xn}
¶»abf ![ "O
#$LMAO "Y -
 %	 {^°°±dn~{}
f : U n → U ~g¡nybdf³~}nf©^|°±Qny~{^ {}zwn^~fZ¹°±y{}e f zvuf|^~¢NfI^?b»"{}dgn?`n
r
z`u
r
¸+fI^?b¯©^y~z|fz`uO^¯~`nyf©^|$©~z|f^¸Gd¯fI^?b¯{^GfIny~{^
zvu¯~®n?g#d©n?|=~}nyfIy|=f´`nfdgy~{^4¶  y{}e bfIyf{^»nbf # -LMAOLMAOQ[ N%	+	:'[ L!%	
f(x)&(#8)
x ∈ x wf{^nyfZg=nbffI©|dny~{^X{^°Gnbfdny?|~}nf©^|f"´vnyfIdgx~{^{^° f(x) dgx~¢¡nybfi~`nyf©^|
x
°±{^nbf¡©~z|f
x
¶
½¾}nyfIy|~nybef"n~IgIXzGfgxdI"fZgygx°±||u7dgyfIX}g#gyw¼³"~f}n	"{^d~®n~{}X{°Gnybf~d"|dgy~{}
x ⊆
ρ
~gy{^eflnuvGfIg{°=`d^}n~®­dfZ{^dgxny?~}n?g¶  {^f´e|f^¸^~`nyfIy|6f|d©n~{}{°=X°±dn~{}
f(x, y) : 3x2 − 2y + 9 ²~nyb x ∈ [−1, 3] Q y ∈ [−2, 4] ^zGf#dgyfIN°±{^{©v~¢nyb~g~d"|dgy~{}~{^dgxny?~}n
f(x, y) > 0
¸zGfZQgxf
f([−1, 3], [−2, 4]) = 3 · [−1, 3]2 − 2 · [−2, 4] + 9 = [1, 40] ¶qg8nbf¡f|d©n~{}N{^°$nybdfl°±ddn~{}
f
~g~dgy~flnbf¡~`nyf©^|
[1, 40]
¸wnbd©nefI^dg
(∀x ∈ [−1, 3])(∀y ∈ [−2, 4])(3x2 − 2y + 9 > 0)
äêãè4äêé
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½¾ gy{^ef¬`d^}n~®­dfZ2w~gxnQ"f³"{}dgxny?~}ngI¸4nybd~g~d"|dgy~{}  ^|gy{zGf³gydI"fIgg°±d||u»{©^fI6¸
²bfINf"´w~gnf}n~^||u¬`d`ny~­dfI³Q?ef"nf?gfi{n	n?¿^fN~}ny{^{^`n	~³nybdfqf|d©n~{}¬{^°6nbf
°±d"ny~{^4¶  {^f"´e|f^¸{^dgy~wfnybf#°±{}||{(²~¢¬"{^Qgn^~`n
(∃r ∈ r)(x21 + x22 = r2)
²~nyb
x1 = [1, 2]
¸
x2 = [−1, 1]
¸=^d
r = [1, 3]
¶BF4f"n
f(x1, x2) = x
2
1 + x
2
2
zGfN°±dn~{} ^d
{^dgy~wfInbf7~}nf©^|<fI©|dny~{^O{°
f(x1,x2) : ([1, 2]
2 + [−1, 1]2) = [1, 5] ¶  y{}e nybfG{}~`nq{°v~f²\{°~}nf©|4^y~nybefny~gI¸w²	f#bQZ^flnbf#°±{^||{©²~d¢X~}nfyfnny~{^ 
(∀x1 ∈ x1)(∀x2 ∈ x2)(∃z ∈ [1, 5])(x21 + x22 = z)
½¾d^xn~|^I¸w~®°
[1, 5] ⊆ r2 nybdf#°±{^||{©²~d¢X{^G{`gx~ny~{^~g|gy{X^f~®­QfI 
(∀x1 ∈ x1)(∀x2 ∈ x2)(∃r ∈ r2)(x21 + x22 = r2)
hv{d¸4nybf¬~d"|dgy~{}
x
2
1 + x
2
2 ⊆ r2
~ggyw¼³"~f`n/ëd¹fI"fZgygu}¸+~nb~g¡I^gyfI0l"{^d~®n~{}{^°
x ⊆ ρ ¶½¾¹e{^fX¢^ffI^|=}gxf /Ø`d^}ny~­dfZ~gxn^d"f{^dgxny?~}n#|~¿^f /KT0"0¸4nybf~}nf©|=fI©|dny~{^
~g|fIgg8fLSGfZny~^f^¸zGfZQgxf#f"´w~gxnyfI}n~^|4}Q}n~®­QfId^^eXfnyfIg8^yfl~dgy~flnybf¡f|d©nfI³°±d"ny~{^4¶
 {^f"´e|f^¸d"{^Qgx~wfnybf{^dgxny?~}n
(∃a1 ∈ a1)(∃a2 ∈ a2)(∃r ∈ r)((x1 − a1)2 + (x2 − a2)2 = r2)
²~nyb
x1 = [3, 6]
¸
x2 = [−1, 1]
¸
a1 = [−1, 1]
¸
a2 = [−1, 1]
¸4d
r = [4, 5]
¶#½Ñ°²8fX"{^Qgx~wfqnybf
°±d"ny~{^
f(x1, x2, a1, a2) = (x1−a1)2+(x2−a2)2
¸Znybdf~`nyfIy|^fI©|d©n~{^#{°
f(x1,x2,a1,a2)
~g
([3, 6]−[−1, 1])2+([−1, 1]−[−1, 1])2 = [4, 53] ¶abf~d|dgy~{^ [4, 53] ⊆ r2 ~g6d{n6nydf^¸(gx{nbfnyfIgxn°Ø^~|g¶i;"|^ggy~¡~`nyf©^|<f|d©n~{}O^{nqy{©^f¡nybdninybf7~}nf©^|<^fIn{^
x = ([3, 6], [−1, 1])~g~dgy~wf{°nybfgy{^|wn~{} gxfnX{°nbf{^dgxny?~}nZ¸=zwn~nX~g¶2ab~g7°Ø|nX~g{nwdfNny{~}nyfIy|
^y~nybefny~g³zdwnNn{  "{}d"fnyd^|i{^z|fe ~~®n?gd|~ny~{^4¶  {^³n²	{ ~`nyfIy©^|g
x
^d
a
¸
½¾`nyf©^|V~®nbef"ny~¬{^ewnfIg¹~}nf©|fIgy|n
z
nbd©nfId"|{}gyfIglnybfN"{^e7zd~dny~{^dg#zGfn¾²	fIf
^`u ©|fN°±{^e
x
d `u |fN°±{^e
a
¶ abdnXefZdg
(∀x ∈ x)(∀a ∈ a)(x♦a ∈ z) ¶ hv{d¸nbfl~`nyf©^|
a
~g	d{n{^dgy~wffI³}g	^Nf"´w~gnf}n~^||u¬`d^}ny~­dfZ³d^^eXfnyfIzdwn^g87d~^fIg||u
`d^}ny~­dfZ ©~z|f^¶O½¾ gxfZny~{^ ¶Û²	fgxb{©²Áb{©²ºnbfIgyfNf´v~gxnyf`ny~||u }Q}n~®­QfI d^^eXfnyfIg
IzGf#fI|~e~Q©nyfZN°±{^enybf¡fI©|d©n~{^{°=°±Qny~{^<¶
   )  " 3 $ & *@3
	 3@ )" 3  
½¾w°±{}ye¬||u^¸`nybflzQ^gy~ie{n~©n~{}³{^°4nybf¡}Q}n~®­Qf8fI|~e~Q©ny~{^~g	n{ LOQ  #- `²8^}nfIN©^y~µ
^z|fZg¡°±y{}em ^|¢}fz?~wfZgyy~wn~{}2{°gy{^efNgy~®nd©n~{}4¶OabfZgxf³~^z|fIg¡e(uffIgyf`ndµ
?ef"nf?g#{^°OeX{wf|K¸{^7fI|	}Q}n~®n~fIg¡nbd©nX^{n7zGfNeXfZ^gyyfZ¹~  f"´}n7²8(u3/Ø©^|fZg
²~nyb¬d"fIxn?~}n~fZg¸°±{^Vf"´^eXd|fA0¶=k¯vu7e¬©nybdfe¬©n~I|y{}z|fe¬g^XzGfbd}gxfZX^g`d^}n~®­dfI
fI|~e~dny~{^{^zd|fIeg'/ëgxfIfE5<;   ¸Q ;
7#0"¶
abfX­d?gxn#fI^|`d^}ny~­dfI¡f|~e~d©n~{}¹y{"fIwdyfX²b~b2bd^g#zGfIf¹~e|fIef}nfI¹²^g#~`ny{µ
wdfIz`u¬	{}||~dg~B;?> ^X/ëgxfIf'5  7#0"¶=ab~gVef"nybd{wXzQ^gyfIX{^ LPOQ#%JO=O  IWL"%  J	  K	A8!%	
è$è ßj kllm
  "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ca,r(x) : f(a, x) = r
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ca,r(x) : (∃a1 ∈ a1)(∃a2 ∈ a2)(∃r ∈ r)((x1 − a1)2 + (x2 − a2)2 = r2)
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gy{^|^fV²~nybN¡zd}gx~nyfZgnZ¸vd¬^¬~`nyfIy|Qgx{}|^fI"{}e7z~d~¢¡~df	zG{Z´XnyfIgxn	zd^gyfI{}¬{^8h É Ê
^|¢}{^~®nbe¶=az|fE;#fIgxfI}n?gX|~gxn{^°=`d`ny~­dfI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c1a,r(x) x = ([−10, 10], [−10, 10]) a = (0, 0)
r = [4, 5]
c2
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−1, 1], [−1, 1])
r = 4.5
c3
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−1, 1], [−1, 1])
r = [4, 5]
c4
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−2, 2], [0, 0])
r = [2, 5]
c5
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−0.1, 0.1], [−0.1, 0.1])
r = [3, 5]
a$^z|fE; 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c4
a,r(x)
~gOgxGfZ"~|Vf"´e|f¬²bffXnbf³¢^?b¹{°8nbf³gy{^|wn~{}2gxfnbd}g¡{O¢}¹~
nbf¡e~w|f^¶  ~d||u}¸d"{}dgxny?~}n
c5
a,r(x)
~g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d^^ef"nyfI=dXq|~nxny|fd"fIxn?~}nu~nbf"fI}nfd?efnyfZ¶$abfIgyf8f´e|fIg=^||{(² dgny{¡gyb{(²
nbf¡Gfy°±{^e^d"fl{^°$nybf^|¢}{^~®nbe¬g	~y{}z|fe¬g²~®nb~ S+ff`niwf¢}yfIfl{°dfyn^~`ny~fIgI¶
è$è ß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c6
a,r(x) x = ([−10, 10], [−10, 10], [−10, 10]) a = ([−0.1, 0.1], [−0.1, 0.1], [−0.1, 0.1])
r = [4, 5]
c7
a,r(x) x = ([−10, 10], [−10, 10], [−10, 10]) a = ([−2, 2], [−2, 2], [−2, 2])
r = [4.4, 4.5]
c8
a,r(x) x = ([−10, 10], [−10, 10], [−10, 10]) a = ([−2, 2], [−2, 2], [−2, 2])
r = [3, 6]
a$^z|f 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x2 + y2 = [2, 2.25]2
(x − [3, 3.5])2 + y2 = [2.95, 3.05]2
(x − [−2.5,−2.25])2 + (y − 2)2 = [3.25, 3.5]2
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